Uncertainty about the date of retirement is a major …nancial risk with implications for decision making and welfare over the life cycle. This paper has three objectives: …rst, we explore the empirical evidence on the degree of uncertainty that individuals face about the timing of retirement; second, we compute the welfare cost of retirement uncertainty; and third, we assess the role of existing social insurance programs in mitigating the cost of retirement uncertainty. The average standard deviation between actual and expected retirement dates is about 6 years. This large degree of uncertainty about the timing of retirement translates into a large welfare cost, with our baseline individual willing to give up about 4% of total lifetime consumption to fully insure this risk and about 3% of lifetime consumption simply to know the retirement date. Finally, existing social insurance programs (OASI and SSDI) do very little to adequately protect individuals against this risk.
Introduction
The date of retirement is one of the most important …nancial events in the life of an individual. It determines the number of years of wage earnings and the expected length of time over which the individual must survive on accumulated savings, both of which are crucial for lifetime budgeting decisions. If the exact date of retirement were known with certainty, then …nancial planning for retirement would be a relatively easy task. 1 Unfortunately, life is not that simple. Young workers make consumption and saving decisions in the face of uncertainty about the timing of retirement. Individuals cannot know for sure at age 25 when they will ultimately retire because a variety of stochastic events can trigger unexpected retirement.
The 2015 Retirement Con…dence Survey concludes that about half of the work force retire earlier than planned. Among this group the major causes are (respondents can list more than one cause): health problems or disability (60%), downsizing/closure (27%), other work related reasons (22%), caring for a family member (22%), and skill obsolescence (10%). Notice that in some cases such as disability or plant closure, retirement would be both unexpected and involuntary. But even among individuals who appear to retire voluntarily, it still could be the result of an underlying stochastic event such as caring for a family member who suddenly becomes ill. This paper does three things. First, we provide empirical evidence about the degree of retirement timing uncertainty. Second, we compute the welfare cost to individuals who must make consumption and saving decisions over the life cycle in the face of retirement uncertainty. Third, we assess how well existing social insurance programs mitigate retirement uncertainty. A brief summary of our …ndings in each of these three areas is as follows.
First, to measure retirement uncertainty, we use the Health and Retirement Study to estimate the standard deviation of the di¤erence between self-reported retirement expectations and actual retirement dates. We estimate standard deviations for a number of subsamples, with results ranging from 4.35 years in the most conservative subsample to 7.37 years in the least conservative one. This uncertainty about the date of retirement is a major …nancial risk that can deeply a¤ect the …nancial preparedness of individuals.
For instance, an individual who draws a retirement shock at age 59 instead of age 65 would lose about one-sixth of his total (non-discounted) pre-retirement wage income. The loss of multiple years of earnings puts a signi…cant dent in the individual's lifetime budget, and this loss is ampli…ed by the need to spread available assets over a longer retirement period. 2 Second, given the large magnitude of this timing risk we assess how costly it is to individuals. We use a variety of data sources to calibrate a quantitative life-cycle model in which individuals make consumption and saving choices in the face of retirement timing uncertainty. 3 We calculate the welfare cost of retirement timing uncertainty by determining what fraction of total lifetime consumption an individual would be willing to give up in order to live in a safe world with comparable expected wealth but no retirement timing uncertainty. We interpret this as the value of full insurance against timing risk, because the benchmark is a world where decision making is not distorted and wealth is fully insured. We …nd that the welfare cost is 4.26% under laissez faire with no Social Security.
We also calculate the value of simply knowing the retirement date, which allows the individual to optimize with full information but does not insure the individual's wealth across realizations of the retirement date. We refer to this as the timing premium because it captures the value of early resolution of uncertainty as in Epstein, Farhi and Strzalecki (2014) . Again under laissez faire with no Social Security, the timing premium is 2.95% of total lifetime consumption.
To put the magnitude of these costs into context, they are much larger than estimates of the cost of business cycle ‡uctuations as in Lucas (2003) and the cost of idiosyncratic ‡uctuations in wage income as in Vidangos (2009) . This is intuitive because the individual faces uncertainty about potentially large swings in total wage earnings and therefore large swings in total wealth. But even if the individual cannot insure his wealth, he is still willing to pay a large timing premium just for the early resolution of uncertainty so that he can make better consumption and saving decisions.
Third, given the magnitude of this welfare cost, a natural question to ask is whether existing social 2 Because the HRS samples people in their 40's and 50's, our estimate of timing uncertainty is likely conservative relative to the timing uncertainty facing younger individuals. 3 In this paper we deal only with known probabilities and we therefore use the words risk and uncertainty interchangeably throughout. Our theory extends the recursive method in Caliendo, Gorry and Slavov (2015) and Stokey (2014) , which is a technique for solving regime switching optimal control problems where the timing and structure of the new regime are uncertain. Technically speaking, the current paper has the added complication that the timing p.d.f. is truncated, which renders the Pontryagin …rst-order conditions for optimality insu¢ cient to produce a unique solution. We derive a "stochastic continuity" condition as the limiting case of an otherwise redundant transversality condition, in order to identify the unique solution. Our method works for any generic control problem with a stochastic stopping time and a free endpoint on the state variable.
insurance programs help to mitigate the cost. We …nd that a Social Security retirement program, with a bene…t-earning rule that is calibrated to match current U.S. policy, does not mitigate much of the large welfare cost. When we include Social Security, the full welfare cost of retirement timing uncertainty drops slightly from 4.26% to 4.05%, and the timing premium also drops slightly from 2.95% to 2.80%. Social
Security barely mitigates any of the welfare cost.
This small improvement is not because Social Security provides timing insurance, but because Social Security boosts the individual's expected wealth which makes him less sensitive to earnings shocks. To truly insure against timing risk, a program would need to provide individuals with a big payment if they unexpectly retire early and a small payment if they retire late. However, Social Security does just the opposite because of the positive relationship between bene…ts and wage earnings: individuals who su¤er early retirement shocks must potentially include some zeros in the calculation of their average earnings, while individuals who draw late shocks have the highest possible average earnings. In this sense, Social
Security is anti-insurance because it pays good in good states and it pays bad in bad states.
In some public pension systems such as Japan, part of retirement bene…ts are completely independent of the individual's earnings history (Kitao (2015) ). In other words, the individual collects the same bene…ts no matter when he draws the retirement shock. We show that this can mitigate about onethird of the welfare costs of retirement timing uncertainty. Simply breaking the link between bene…ts and earnings would signi…cantly increase the insurance value of Social Security, but it would disrupt the intent of the link, which is to encourage labor force participation.
To provide a more comprehensive evaluation of the Social Security program's overall role in mitigating timing uncertainty, we extend the model to include disability risk and a disability component within the Social Security program. In the extended model, individuals not only face uncertainty about the timing of retirement, they also face uncertainty about their disability status upon retirement. We …nd that disability insurance almost perfectly o¤sets the disability risk that the individual faces, but it does not o¤set the timing risk at all. That is, disability insurance does a nice job of replacing lost post-retirement (part-time) income if the individual is unable to work at all, but it does not solve the problem that the individual doesn't know when such a shock might strike. The joint welfare cost of timing risk and disability risk, in a model with a Social Security program that features both retirement and disability bene…ts, is almost the same as when disability risk and disability insurance are excluded from the model.
In sum, retirement timing uncertainty is a major …nancial risk that has not received much attention even though its welfare consequences are large. While there are a few social insurance programs that may appear to o¤er partial protection against this risk, in fact they do not. Social Security retirement bene…ts do not provide any insurance against retirement timing risk; and, while Social Security disability bene…ts might provide some protection, it is still very far from complete insurance.
Of course, Social Security is not typically billed as insurance against retirement timing risk. Instead, the typical rationale for Social Security is to provide longevity and disability insurance, to deal with myopia in saving for retirement, to correct a government time-inconsistency problem, and to redistribute income through the progressive bene…t-earning rule. We are not arguing that Social Security is failing to meet its objectives; instead, our point is that retirement timing risk is costly and existing social insurance programs do not already deal with this risk.
Throughout our paper, we depart from convention in the labor supply literature which treats the retirement date either as an exogenous, deterministic event or as a completely voluntary, endogenous choice (Rogerson and Wallenius (2009)). While the conventional method is irreplaceable for many research questions, we depart from convention in order to measure a major risk that has received very little attention, to calculate the welfare cost of this risk, and to consider the role of our existing social insurance programs in protecting individuals from this risk.
Our paper is related to a large literature that documents a discrete drop in consumption at the date of retirement. 4 While a variety of explanations have been proposed, our paper clari…es the role that retirement uncertainty could play in explaining the drop. Timing uncertainty causes a reduction in consumption at retirement no matter when the shock is realized, because the retirement shock leaves the individual poorer than expected from the perspective of a moment before the shock occurred. This causes an abrupt adjustment in consumption irrespective of whether the shock happens at an early age or at a late age. Adding disability risk ampli…es the size of the drop even further. Therefore, timing uncertainty is a powerful force that can help to explain the observed drop in consumption near retirement.
Perhaps the closest paper to ours is Grochulski and Zhang (2013) . They also study consumption and saving decisions over the life cycle with uncertainty about the timing of retirement. Like our setting, consumption drops discretely when individuals lose their jobs. However, they do not consider any of the issues studied in our paper: they do not provide empirical evidence on retirement timing uncertainy, nor do they compute the welfare cost, nor to they evaluate the role of social insurance programs in mitigating this risk. 5
4 For instance, see Hamermesh (1984) , Mariger (1987) , Bernheim, Skinner and Weinberg (2001) , Hurd and Rohwedder (2006) , Scholz, Seshadri and Khitatrakun (2006 ), Hurst (2006 ), Haider and Stephens (2007 , and Ameriks, Caplin and Leahy (2007) (Casanova (2013) ). It has been estimated that up to one third of retirements are due to involuntary reasons (Casanova (2013) , Szinovacz and Davey (2005) ).
The distinction between voluntary and involuntary retirement is often interpreted as a distinction between expected and unexpected retirement. This interpretation owes much to the literature on consumption and saving patterns at the onset of retirement, particularly those papers that have focused on whether the drop in consumption after retirement is consistent with standard theories of saving. Many of these papers have shown that the consumption drop is considerably larger for individuals who retire involuntarily, suggesting that voluntary retirement is expected, which allows individuals to better smooth consumption around that event (Banks, Blundell and Tanner (1998) , Bernheim, Skinner and Weinberg (2001) , Hurd and Rohwedder (2008) , Smith (2006) ).
The conclusion that voluntary retirement is likely to be expected is reasonable for individuals who are very close to retirement age, but it does not necessarily follow for those just entering the labor force.
Consider, for example, a 25 year old who anticipates that she will either retire voluntarily after the birth of her …rst grandchild, or involuntarily at the onset of disability. Both events are uncertain, and it is not clear that the …rst is less uncertain than the second one. Hence, from the perspective of young workers, retirement timing is subject to a great deal of uncertainty which goes beyond the possibility that they will be hit by a negative shock that will force them to retire involuntarily.
In order to quantify the e¤ect of retirement timing uncertainty on the saving and consumption decisions of workers over the life cycle, we …rst need to measure retirement uncertainty. We do so by computing the standard deviation of the variable X:
loss) in an in…nite horizon model. We solve a non-stationary problem in which the hazard rate is allowed to depend on age as in the data and we assume individuals face mortality risk over a …nite maximum lifespan. In some parameterizations, we also include uncertainty over the individual's disability status, and we allow this second risk to be non-stationary with respect to age. While allowing for non-stationary risk departs from standard dynamic programming, it allows us to more fully calibrate both risks (timing and disability) to the available data.
where Eret is an individual's expected retirement age, and Ret is the actual age at which retirement takes place. Ret is directly observable in our data, which provide information on each individual's month and year of birth and month and year of retirement. The measurement of Eret is discussed in detail below.
Retirement Expectations
Our measure of Eret comes from self-reported retirement expectations. The use of expectation variables, and retirement expectations in particular, has become commonplace in the literature in recent years. A growing number of papers have studied the validity of retirement expectations elicited from individuals and have found that they are strong predictors of actual retirement dates (Bernheim (1989) , Dwyer and Hu (1999) , Haider and Stephens (2007) When constructing a measure of retirement uncertainty using retirement expectations, we are constrained by data availability. In particular, data on retirement expectations are not available for certain ages, and when available they are only elicited for a selected sample of individuals. In dealing with these issues, we make assumptions aimed at obtaining a measure of retirement uncertainty that is as conservative as possible. This will allow us to interpret our empirical results as a lower bound on the e¤ect of retirement uncertainty.
Ideally, we would want to measure retirement uncertainty at every age from the time an individual enters the model until retirement. To do so, we would need to measure retirement expectations at every age but, to the best of our knowledge, there is no data set that both elicits retirement expectations of workers below age 50 and then follows them over time to record their actual retirement date. We will use the HRS to measure retirement expectations of men aged 50 to 55, and then use those expectations to construct our measure of retirement uncertainty. Considering that uncertainty is likely to decrease as individuals age and more information becomes available to them, our measure likely understates the uncertainty facing young individuals and overstates that facing individuals older than 55. Given our aim to obtain a conservative measure, the last part would be concerning if uncertainty decreased signi…cantly after age 55, but several facts suggest that this is not the case. First, the degree of retirement uncertainty is primarily a function of the years left until expected retirement, rather than age. We use the expectation data summarized in Table 1 to construct the variable X following the steps described in the appendix. We then compute the standard deviation of the variable for a number of subsamples. The most conservative subsample considers only individuals who expect to retire and actually retire within the sample period. This subsample yields the most conservative measure of uncertainty because it does not use information from observations for which the distance between actual and planned retirement tends to be the largest, for example those who report in 1992 that they plan to retire after the last survey wave (2010), and those who are still employed by the end of the survey. Subsequent subsamples progressively add more observations, at the cost of needing to make assumptions about unobserved retirement dates or retirement expectations. The resulting standard deviations range from 4.35 years in the most conservative subsample to 7.37 years in the least conservative one. For the baseline scenario in the paper, we use a standard deviation of retirement uncertainty equal to 6. We will perform robustness checks to analyze the sensitivity of our results to the measure of retirement uncertainty.
A model of retirement uncertainty 3.1. Notation
Age is continuous and is indexed by t. Individuals start work at t = 0 and pass away no later than t = T .
The probability of surviving to age t is (t). A given individual collects wages at rate (1 ) 
, where t 0 < T so that everyone draws a retirement shock before some speci…ed age. We truncate the p.d.f. for two practical reasons. First, truncation prevents us from needing to estimate the w(t) pro…le deep into old age when data are not reliable. Second, truncation prevents us from having an extremely thin right tail on (t), which creates technical di¢ culty as the computer is unable to distinguish between 1 (t) and 0, and the term 1 (t) appears in the denominator of …rst-order conditions for optimality.
At the moment retirement strikes at age t, the individual collects a lump sum
where SS(tjd) is the present discounted value (as of shock date t) of Social Security retirement and disability bene…ts, d is an indicator variable that equals 1 if the individual has become disabled and 0 if he is still able to work part time after retirement, and Y (t) is the present discounted value (as of shock date t) of post-retirement earnings. 6 Let d be a random variable with conditional
Note that d may be correlated with the retirement shock t, and we assume that (djt) is continuously di¤erentiable in t. 7 Hence, (1jt) should be interpreted as the probability that the individual will qualify for disability bene…ts if retirement strikes at date t.
We abstract from policy uncertainty about future Social Security reform (Caliendo, Gorry and Slavov (2015) ).
6 Income from asset holdings is not included in Y (t) because asset holdings are modeled separately. 7 We assume continuous di¤erentiability in t for notational convenience. We could easily allow for a …nite number of discontinuities in the t dimension, but then we would need to break the p.d.f. apart at each discontinuity and allow for a unique maximum condition for each continuous segment. This would complicate notation without adding much economic content.
Consumption spending is c(t) and private savings in a riskless asset is k(t), which earns interest at rate r. Annuity markets are closed, and capital markets are perfect in the sense that the individual can borrow and lend freely at rate r. The individual starts with no assets, has no bequest motive, and is not allowed to leave debt behind at t = T . Hence, k(0) = k(T ) = 0.
Individual problem
Period utility is CRRA over consumption with relative risk aversion , and utils are discounted at the rate of time preference . 8 The individual takes as given factor prices and government taxes and transfers, while treating the retirement date as a continuous random variable and disability as a binary random variable. We extend the recursive method in Caliendo, Gorry and Slavov (2015) and Stokey (2014) to the current setting and we relegate lengthy proofs and derivations to Appendix A.
As long as retirement has not yet occured, the individual follows a contingent plan (c 1 (t);
which solves the following dynamic stochastic control problem (where t and d are random variables)
where c 2 (zjt; k(t); d) solves the post-retirement deterministic problem for given k(t) and given realizations of t and d
where K(t) is total …nancial assets at retirement, which includes accumulated savings k(t) plus the lump-sum payment B(t; d).
The pre-retirement solution (c 1 (t); k 1 (t)) t2[0;t 0 ] obeys the following system of di¤erential equations and boundary condition
where the remaining boundary condition c (0) is chosen optimally (explained in Appendix A). And the optimal consumption path for z 2 [t; T ] after the retirement shock has hit at date t with optimal savings
Welfare
In this section we introduce two welfare costs. Each is a measure of willingness to pay to avoid retirement uncertainty. The …rst is our baseline welfare cost, which captures the value of fully insuring against retirement uncertainty. The second captures just the value of early resolution of uncertainty. We refer to the baseline welfare cost as the value of full insurance, and we refer to the second welfare cost as the timing premium.
We begin with the value of full insurance. As a point of reference, consider the case where the individual faces no risk (NR) about retirement. Instead, the individual is endowed at t = 0 with the same expected future income (as in the world with retirement uncertainty) and solves
The solution is
The baseline welfare cost of living with retirement uncertainty (value of full insurance) is the solution to the following equation
By equating utility from expected wealth to expected utility, our baseline welfare cost measures the individual's willingness-to-pay to have one's expected wealth. This captures the value of full insurance because the individual is paying to have his expected wealth with certainty, rather than paying merely for information about retirement.
While our baseline welfare cost follows in the tradition of calculating willingness-to-pay to avoid uncertainty by equating utility from expected wealth to expected utility, there are other sensible ways to calculate the welfare cost of retirement uncertainty. For example, rather than using utility from expected wealth as the welfare benchmark, we could instead use as a benchmark a world in which the individual learns at time 0 when and how retirement uncertainty will be resolved so that the individual follows the optimal deterministic consumption path conditional on that information. To compute the welfare cost of retirement uncertainty, we would then compare the ex ante expected utility of this world (expected utility just before the time 0 information is released) to the expected utility of living with retirement uncertainty.
Following this alternative approach, we now formally de…ne the timing premium. Now our point of comparison is a world where at time 0 the individual learns both the retirement date t as well as the disability indicator d. Upon learning these things, the individual solves a deterministic problem:
The timing premium 0 is the solution to the following equation
In other words, we are calculating how much an individual would pay at time 0 to know his retirement date t and his future disability status upon retirement d? This exercise is guaranteed by Jensen's inequality to yield a smaller welfare cost from retirement uncertainty than what is generated by our baseline method (see the proof in Appendix B). The individual would always pay more to have his expected wealth with certainty ( ) than he would pay for retirement information ( 0 ), because simply knowing one's wealth is not as good as insuring one's wealth.
Our timing premium is related to the timing premium in Epstein, Farhi and Strzalecki (2014) . In both cases, it is the amount individuals would pay for early resolution of uncertainty. However, their premium is the result of Epstein-Zin recursive preferences, which carry a taste for early resolution of uncertainty even if early information is not used to reoptimize. Indeed, in their setting individuals do not reoptimize if information is released early. In constrast, in our setting with CRRA utility the timing premium is the result of better decision making in the face of early information. Including a taste for early information would only enhance the magnitude of the welfare cost of retirement uncertainty.
Finally, one may be concerned that we have abstracted from leisure in the period utility function.
That is, it may seem that the negative consequences of an early retirement shock are partly mitigated if early retirement brings more leisure. However, at least for the common case in which consumption and leisure are additively separable, this is not the case. In fact, if we include leisure in the period utility function, then the baseline welfare cost will strictly increase. This is because retirement timing uncertainty now imposes an additional cost on the individual in the form of uncertainty about leisure time, and he would pay an additional premium to fully insure this risk. On the other hand, adding leisure to the period utility function leaves the timing premium unchanged; the individual would not pay an additional premium for early resolution of uncertainty about his …xed leisure endowment. We prove these points in Appendix C.
Calibration
The parameters to be chosen are the maximum lifespan T , the survival probability (t) as a function of age t, the individual discount rate , the coe¢ cient of relative risk aversion , the real return on assets r, the age-earnings pro…le w(t), the p.d.f. over timing risk (t) and its upper support t 0 , the present discounted value of post-retirement earnings Y (t) as a function of retirement date t, the Social Security tax rate , the present discounted value of Social Security retirement and disability bene…ts SS(tjd) as a function of retirement date t and disability state d, as well as the conditional p.d.f. over disability risk (djt). Table 2 provides a comprehensive summary of our calibration.
Lifespan, preferences, and wages
The individual starts work at age 25 (model age t = 0) and passes away no later than age 100 (model age t = 1). Hence we set the maximum lifespan to T = 1.
Our survival data come from the Social Security Administration's cohort mortality tables. These tables contain the mortality assumptions underlying the intermediate projections in the 2013 Trustees Report. The mortality table for each cohort provides the number of survivors at each age f1; 2; :::; 119g, starting with a cohort of 10,000 newborns. However, we truncate the mortality data at age 100, assuming that everyone who survives to age 99 dies within the next year. In the baseline results, we assume individuals enter the labor market at age 25, giving them a 75-year potential lifespan within the model.
In our baseline parameterization, we use the mortality pro…le for males born in 1990, who are assumed to enter the labor market in 2015. For this cohort, we construct the survival probabilities at all subsequent ages conditional on surviving to age 25.
We …t a continuous survival function that has the following form:
After transforming the survival data to correspond to model time, with dates on [0; 1], x = 3:28 provides a close …t to the data (see Figure 1 ).
The utility parameters and vary somewhat in the literature. We will consider common values, = 0 and = 3. We assume a risk-free real interest rate of 2.9% per year, which is the long-run real interest rate assumed by the Social Security Trustees. In our model, this implies a value of r = 75 0:029 = 2:175.
We truncate wages w(t) at model time t 0 = 2=3 or actual age 75 because of our concern with the reliability of wage data beyond 75. 9 Using data for workers between 16 and 75 years of age, we …t a …fth-order polynomial to simulated wage income (which is described in detail in the next paragraph) and then we normalize the result such that maximum wages are unity. Although we include observations 
Retirement timing
We use a truncated beta density to capture uncertainty over the timing of retirement,
9 For instance, the data show an upward trend in wages for most education groups between ages 75 and 85, which would seem to re ‡ect selection problems rather than the true wage pro…le of a particular worker. 1 0 Average weekly earnings are provided for non-self employed workers. We multiply these by 52 to obtain annual earnings.
We use the CPS earnings weights to calculate average annual earnings by age. Since CPS earnings data are topcoded, our average earnings estimates are likely to be biased downward. with mean and variance
We truncate the density function at age 75 for consistency with the truncation of wages at age 75, or model time t 0 = 2=3. We set the mean retirement age to 65 which corresponds to model time E(t) = 40=75 and the standard deviation to 6 years (as explained earlier) which corresponds to model time p var(t) = 0:08.
Then, from the mean and variance equations we can calculate the remaining parameters 12
See Figure 3 for a graph of the p.d.f.
Retirement income and insurance
Beginning with the 1,798 individuals included in the calculations of the standard deviation of retirement uncertainty, we drop individuals who do not have a retirement date (either observed or imputed as described above), individuals with a zero respondent-level analysis weight, and individuals who are only observed in a single wave (thus providing no within-person variation for our …xed e¤ects models). This leaves us with 1,300 individuals and 12,132 person-wave observations over the 11 waves of the HRS. To check robustness, we also re-do all of our analysis using the sample of 1,001 individuals (9.437 person-year observations) who are observed to retire within the sample period.
The RAND version of the HRS includes infomation about several categories of income, including earnings from work, capital income, pension and annuity income, Supplemental Security Income (SSI) and Social Security Disability Insurance (SSDI) income, Social Security retirement income, unemployment insurance and worker's compensation, other government transfers (including veteran's bene…ts, welfare, and food stamps), and other income (including alimony, lump sums from pensions and insurance, inheritances, and any other income). Except for capital income and other income, which are provided at the household level, all income categories are measured at the individual level. We focus on income in two categories: earnings from work and income from non-Social Security transfers (in which we combine unemployment insurance, worker's compensation, and other government transfers). Since we explicitly model post-retirement SSDI, Social Security retirement bene…ts, and asset income (which could include income from pensions and annuities, as well as interest, rent, dividends, and other such income) we exclude these components of income from our analysis. 13 We also ignore the "other income" category, as pension lump sums would be classi…ed as capital income, and alimony and inheritances are unlikely to be correlated with retirement. All income …gures are converted to July 2015 dollars using the Consumer Price Index for all urban consumers (CPI-U).
To determine how income changes after retirement, we regress each component of income on a set of indicators for time since/before retirement, a set of age dummies, a set of wave dummies, and a set of individual …xed e¤ects. We use respondent-level analysis weights in our regressions and cluster standard errors by individual. The results from these regressions are shown in Table 3 . The …rst three columns show results for the full sample, and the last three show results for the subset of individuals who are observed to retire within the sample period. We only report coe¢ cients for the time since/before retirement indicators; full results are available upon request. The omitted category is the wave immediately before retirement; thus, all coe¢ cients show the change in income relative to this benchmark. The wave of retirement denotes the …rst wave in which the individual is observed to be retired. Since we do not know how long before the interview the respondent retired, and since income amounts are provided for the previous calendar year, the change in earnings in the wave of retirement is relatively small. However, in subsequent waves, earnings from work decline by between $41,639 and $44,821. Relative to their mean in the wave just before retirement (shown in the table), earnings drop by around 80 percent in the …rst wave after retirement. The point estimates suggest that non-Social Security transfers rise slightly in the wave of retirement and possibly one wave after retirement, but fall slightly in subsequent waves. All but one of these coe¢ cients are statistically insigni…cant at the 5 percent level.
Based on these estimates, we endow the individual with a lump sum at the date of retirement t, that re ‡ects the present value (as of the retirement date) of post-retirement earnings
That is, post-retirement earnings are equal to 20% of what they were at the time of retirement. We ignore non-Social Security transfers since these appear to be small and do not show statistically signi…cant changes upon retirement. Recall that this endowment is collected only if the individual does not draw the disability shock. 14 The Social Security program ( ; SS(tjd)) is modeled after the current U.S. program with a tax of = 10:6% + 1:8% on wage earnings (which includes the retirement and disability parts of the program).
We adopt a simpli…ed Social Security arrangement that captures the most important channels through which the stochastic retirement timing mechanism can in ‡uence the level of Social Security bene…ts. First, the date of the retirement shock a¤ects the individual's average wage income, which in turn in ‡uences the individual's bene…ts through the bene…t-earning rule. Second, for those who become disabled, the Social Security disability program acts as a bridge between wage income and retirement bene…ts.
The total level of Social Security bene…ts collected is state dependent. For those who do not become disabled but instead retire for other reasons, we compute the individual's average wage income corresponding to the last 35 years of earnings (which is virtually equivalent to the top 35 years of earnings for the wage pro…le that we are using). If retirement strikes before reaching 35 years in the workforce, then some of these years will be zeros in the calculation. Conversely, as the individual works beyond 35 years, average earnings will increase because a low-wage early year drops out of the calculation while a high-wage later year is added to the calculation. Then, we use a piecewise linear bene…t-earning rule that is concave in the individual's average earnings, re ‡ecting realistic slopes and bend points. Finally, we calculate bene…ts based on collection at age 65, and then we make actuarial adjustments to accomodate early and late retirement dates.
On the other hand, for those who become disabled we compute average wage income corresponding to the last 35 years of earnings, and no zeros are included in the average if the individual draws a timing shock that leaves him with fewer than 35 years of work experience. Moreover, he begins collecting 1 4 In reality, non-disabled retirees may or may not collect income from part-time work, whereas in our model we are endowing them with post-retirement earnings that re ‡ect the average life-cycle experience. In doing this, we are suppressing another layer of risk that could make our welfare cost even larger: in reality, non-disabled individuals face uncertainty about post-retirement earnings (their skills may or may not become obsolete, for example).
full bene…ts at the moment he retires (rather than waiting until age 65). 15 See Appendix D for a full explanation of the state-dependent Social Security program.
Finally, to …nd the probability of becoming disabled conditional on retirement at t, (1jt), we …t a …fth-order polynomial to the joint probability of becoming disabled and retired at age t (which comes from 2009 disability awards for males between the ages of 17 and 67, reported in 5-year bins, Zayatz (2011)), and then we divide the result by our p.d.f. over timing risk (t) to come up with the probability of disability conditional on retirement age. If the resulting ratio is greater than 1, we assign a value of 1; if the resulting ratio is less than 0, we assign a value of 0. Figure 4 is a graph of our estimated (1jt)
pro…le 16 (1jt) = 0:0022 + 0:0187t 0:0721t 2 0:6021t 3 + 4:4001t 4 5:5785t 5 (t) :
1 5 In the U.S., it takes a few months for a worker to begin collecting disability bene…ts after becoming disabled. We have simpli…ed so that bene…ts commence upon disability. 1 6 In making these calculations, we are assuming that recovery doesn't occur once someone is disabled; that is, disability always implies retirement. In reality, some fraction of people do recover, but it's less than 1% per year (Autor (2011) Standard errors clustered by individual in parentheses.
All regressions also include wave and age dummies, and individual …xed e¤ects.
*** p<0.01, ** p<0.05, * p<0.1
Quantitative results with timing risk only
To focus attention on the main feature of our model (timing risk), throughout this section we abstract from disability risk and from the disability insurance aspect of the Social Security program. In the next section we will add these features back into the model.
We begin by presenting quantitative results from a version of the model in which there is no Social Security taxation and no Social Security retirement bene…ts. Then we assess whether various social insurance arrangements (including Social Security) can mitigate the welfare cost of retirement timing risk. Pre-retirement consumption c 1 starts out below no-risk consumption c N R . The individual must be conservative during the earlier years because the timing of retirement is unknown. However, if he continues to stay working, then eventually the risk of very early retirement begins to dissipate and he responds by spending more aggressively and c 1 rises above no-risk consumption c N R .
Consumption and welfare without insurance
Notice that the retirement shock is accompanied by a downward correction in consumption, with the earliest dates generating the largest corrections. Only those who draw the shock at the last possible moment will smooth their consumption across the retirement threshold. For example, if the shock hits at the average age of 65, then consumption will drop by about 13%.
Why does consumption always drop, even for those who experience a late shock? Because a shock at age t is always earlier than expected (in a mathematical sense) from the perspective of age t . In other words, at t the individual expects the shock to occur later than it actually occurs, and therefore he turns out to be poorer at t than he anticipated at t . Hence, the consumption drop is the result of rational expectations over retirement timing risk.
The drop in consumption at retirement in our model is consistent with a large literature that documents a drop in consumption roughly in the range of 10%-30%. 17 There have been a variety of explanations for the drop, including the cessation of work-related expenses, consumption-leisure substitutability, home production, and various behavioral explanations such as the sudden realization that one's private assets are insu¢ cient to keep spending at pre-retirement levels. Our paper clari…es the role that uncertainty about the timing of retirement could play in helping to explain the drop.
Finally, the full welfare cost to individuals who live with retirement timing uncertainty and no insurance is 4.26%. That is, the individual would be willing to give up 4.26% of his total lifetime consumption in order to fully insure the timing uncertainty and thereby live in a safe world with comparable expected wealth. Moreover, the timing premium alone is 0 = 2:95%, which is the fraction of total lifetime consumption that he would give up just for early information about the timing of the shock.
Given the size of the welfare cost of timing uncertainty, it is natural to consider whether the predominant social insurance arrangement presently in place (Social Security) succeeds or fails to mitigate this cost, and to consider alternative arrangements that could potentially do better. This is the subject of the next subsection of the paper.
Policy experiments
In this subsection we consider three insurance arrangements: (1) U.S. Social Security retirement insurance, (2) …rst-best insurance that perfectly protects the individual from timing risk, and (3) a simple policy that breaks the link between bene…ts and earnings (as in Japan). Our goal is to evaluate whether Social Security can mitigate the cost of timing uncertainty. In reality, of course, Social Security has many objectives. Our focus here is to evaluate how well the program performs along a very speci…c dimension.
Our …rst policy experiment is to add Social Security taxes and bene…ts. When we do this, the baseline welfare cost falls from 4.26% without Social Security to 4.05% with Social Security, and the timing premium drops from 0 = 2:95% without Social Security to 0 = 2:80% with Social Security. Thus, Social Security reduces the welfare cost of timing uncertainty by a small amount. However, this small reduction is not because Social Security is providing timing insurance. Instead, Social Security boosts the individual's expected wealth in our baseline calibration, making him less sensitive to retirement risk.
Recall that we have modeled Social Security from the perspective of a single individual. This means that while Social Security taxes and bene…ts may need to balance at the aggregate level, at the individual level Social Security can have a non-zero e¤ect on expected wealth. For the individual, the expected net present value of participating in Social Security (i.e., Social Security's contribution to expected wealth)
At our baseline calibration this quantity is positive, which in turn means that a given loss in wage income is relatively small compared to when there is no Social Security program in place. This wealth e¤ect explains why the welfare cost of retirement timing uncertainty is a little lower when Social Security exists than when it does not. But, as we will explain next, Social Security does not really help to insure the individual against retirement timing risk in a substantive way.
To make this point, suppose the individual participates in a …rst-best social insurance arrangement rather than Social Security. By "…rst-best" we mean that the individual is perfectly insured against retirement timing uncertainty by collecting a lump-sum payment F B(t) upon retirement at t. We continue to assume wages are taxed at rate = 10:6%. The magnitude of this lump-sum payment is selected to make the individual indi¤erent about when the retirement shock is realized; and, to make a fair comparison with Social Security, we assume F B(t) is wealth-neutral relative to Social Security in an expectation sense (see Appendix E for full details). This gives
Figure 6 plots F B(t) versus SS(tj0). Recall that both quantities represent the present value of retirement bene…ts as of the retirement date t. Notice that the …rst-best social insurance arrangement provides the individual with a big payment if he draws an early retirement shock, and a small payment if he draws a late shock. On the other hand, Social Security does just the reverse because of the positive relationship between bene…ts and wage earnings: individuals who su¤er early retirement shocks must potentially include some zeros in the calculation of their average earnings, while individuals who draw late shocks have the highest possible average earnings. In this sense, Social Security is anti-insurance because it pays good in good states and it pays bad in bad states.
In some public pension systems like Japan, part of retirement bene…ts are completely independent of the individual's earnings history (Kitao (2015)). We will show that making retirement bene…ts completely independent of earnings can mitigate about one-third of the welfare costs of retirement timing uncertainty.
We continue to hold taxes …xed at rate = 10:6% on wage income, but with the twist that the individual collects the same bene…ts no matter when he draws the retirement shock. As with the other arrangements, we utilize the assumption that capital markets are complete by endowing the individual with a lump sum SP (t) at retirement age t that re ‡ects the value at t of the ‡ow of bene…ts that start at 65 (see Appendix F for a full explanation)
As with …rst-best insurance, we have parameterized the simple policy to be wealth-neutral relative to Social Security in order to make a fair comparison.
The baseline welfare cost of retirement timing uncertainty drops from 4.26% without insurance to 2.74% with the simple policy, and the timing premium drops from 2.95% without Social Security to 1.84% with the simple policy. In other words, simply breaking the link between bene…ts and earnings would signi…cantly increase the insurance value of Social Security. Of course, we are not suggesting that the link should be broken, because the link is there to encourage labor force participation. Instead, this exercise helps to highlight exactly why the current system is not e¤ective in providing retirement timing insurance.
Disability
To provide a more comprehensive evaluation of the Social Security program's overall role in mitigating retirement uncertainty, we extend the model to include disability risk and a disability component within the Social Security program. In the extended model, individuals not only face uncertainty about the timing of retirement, they also face uncertainty about their disability status upon retirement. If the individual draws a disability shock along with the retirement shock, then he is unable to earn any parttime income during retirement. If the individual draws a retirement shock only (for instance, because of a plant closing), then he is able to collect part-time income after retirement. The former individual collects disability bene…ts as a bridge until he begins collecting retirement bene…ts. The latter individual collects retirement bene…ts only. each retirement shock date, we plot two c 2 pro…les. One pro…le corresponds to an individual who also draws a disability shock in addition to a retirement shock, and the other corresponds to an individual who does not draw a disability shock. The …rst individual collects disability bene…ts but no income from part-time work, while the second individual collects income from part-time work after retirement and no disability bene…ts.
For relatively late retirement shock dates (for example, beyond age 65), drawing the disability shock causes a loss in part-time income after retirement and does not lead to the payment of any disability bene…ts because the individual is already at the age in which he can collect Social Security retirement bene…ts. For these individuals, disability has a strictly negative e¤ect on lifetime wealth. It is therefore intuitive that a retirement shock that is coupled with a disability shock causes a much bigger downward correction in consumption than a retirement shock alone would cause.
For early retirement shock dates, drawing the disability shock causes competing e¤ects on lifetime wealth. On the one hand it reduces wealth because of lost earnings capacity after retirement, but on the other hand the individual collects disability bene…ts. If the shock date is early enough (age 45, for example), then the second e¤ect can dominate and therefore disability bene…ts are generous enough that they more than replace lost part-time income in retirement.
Under our calibration, recall that the probability of becoming disabled upon retirement is much higher for those who draw an early retirement shock than for those who draw a late retirement shock. Because of this, disability insurance almost perfectly o¤sets the added disability risk that the individual faces, but it does not o¤set the timing risk. When we compute the joint welfare cost of timing risk and disability risk, while including both Social Security retirement and disability insurance, we get = 3:94%. This is almost the same as when there is only timing risk and Social Security retirement bene…ts in the model ( = 4:05%). In other words, adding a second layer of risk and a second insurance component leaves the welfare cost almost unchanged, which suggests that the second insurance component is insuring the second risk but not the …rst risk. Finally, the portion of the full insurance welfare cost ( = 3:94%) that can be attributed to the timing premium is 0 = 2:72%.
In sum, disability insurance seems to do a very good job of solving the disability risk problem but not the timing risk problem. That is, it does a nice job of replaing lost post-retirement (part-time) income due to the inability to work, but it does not solve the problem that the individual doesn't know when such a shock might strike. All of the welfare costs that we have discussed throughout the paper are summarized in Table 4 . 
Conclusion
There is a large literature that measures and assesses the economic impact of various life-cycle risks such as mortality risk, asset return risk, idiosyncratic earnings risk, and temporary unemployment risk, but less attention has been paid to retirement uncertainty. We document that many individuals end up retiring earlier or later than planned, by at least a few years, which can have dramatic consequences for lifetime budgeting. For instance, an individual who draws a one-standard deviation retirement shock of 6 years and retires unexpectedly at age 59 instead of 65 loses about one-sixth of his total (non-discounted) wage earnings. Moreover, the smaller amount of earnings must be spread over a longer retirement period.
Not knowing when such a shock might strike makes planning for retirement a di¢ cult task.
We build a detailed microeconomic model that involves dynamic decision making under uncertainty about the timing of retirement and uncertainty about one's potential for earning part-time income after retirement. We calibrate the following model features to our own estimates from a variety of data sources:
survival probabilities are estimated from the Social Security cohort mortality tables; wage earnings are estimated from the 2014 CPS; the retirement timing p.d.f. is calibrated to match our estimate of the standard deviation between planned and actual retirement ages in the HRS; post-retirement earnings are estimated from the HRS; the Social Security retirement and disability programs are calibrated to match the relevant aspects of the U.S. system; and, the probability of becoming disabled conditional on retirement is estimated from the HRS.
We use the calibrated model to compute the welfare cost of retirement timing risk. We …nd that the cost is quite large. Individuals would be willing to pay 4% of their total lifetime consumption to fully insure themselves against retirement timing risk. In fact, individuals would pay 3% just to know their date of retirement.
Finally, we consider the role of the Social Security retirement program in mitigating timing uncertainty.
We …nd that Social Security retirement bene…ts provide almost no protection against timing risk. We also consider the role of the Social Security disability program in mitigating timing uncertainty. We …nd that disability insurance almost completely protects against the risk of lost part-time income during retirement, but it doesn't provide much protection against timing risk. In short, retirement timing risk is a large and costly risk that has not received very much attention in the literature, and existing social insurance arrangements do not already deal adequately with this risk.
Technical appendices
Appendix A: Solution to individual optimization problem
The individual's problem is solved recursively as in Caliendo, Gorry and Slavov (2015) and Stokey (2014) but modi…ed extensively to …t the current setting. 18
Step 1. The deterministic retirement problem
The optimal consumption path c(z) for z 2 [t; T ] after the retirement shock has hit at date t solves
It is straightfoward to show that the solution to this deterministic control problem is
This solution, for an arbitrary k(t) and for given realizations of t and d, will be nested in the continuation function in the next step.
Step 2. The time zero stochastic problem Facing random variables t and d, at time zero the individual seeks to maximize expected utility
which can be rewritten as
Using a change in the order of integration, i.e.,
we can write
Using this result we can state the stochastic problem as a standard Pontryagin problem
To solve, form the Hamiltonian H with multiplier (t)
The necessary conditions include
where the usual transversality condition (t 0 ) = 0 is automatically satis…ed by the Maximum Condition (since (t 0 ) = 1 by de…nition). Note that
Using this result, together with the Maximum Condition, we can rewrite the multiplier equation as
Now di¤erentiate the Maximum Condition with respect to t
and combine the previous two equations and solve for dc(t)=dt
which matches the Euler equation stated in the body of the paper.
The Euler equation, together with the law of motion for savings dk=dt and the initial condition k(0) = 0 are used to pin down solution consumption and savings conditional on c(0), which has yet to be identi…ed.
In general, in stochastic stopping time problems where there is no restriction on the state variable at the maximum stopping date-a setting that arises naturally if the timing p.d.f. is truncated-the usual Pontryagin …rst-order conditions for optimality are not su¢ cient to identify a unique solution. The transversality condition is redundant and the …rst-order conditions therefore produce a family of potential solutions rather than a unique solution. We provide a "work-around" that works in general and is easy to use. The answer is to use the limiting case of the transversality condition, together with the other …rst-order conditions, to derive what we refer to as a "stochastic continuity" condition to provide the needed endpoint restriction. This extra condition allows us to identify the unique solution.
We can identify c(0) as follows. Rewrite the Maximum Condition as
Noting the transversality condition and properties of the c.d.f.
we can use L'Hôpital's Rule on this indeterminate expression
and hence we can use the following as a boundary condition in lieu of the redundant transversality condition:
so the new boundary condition becomes
Simplify
In sum, we choose c(0) so that the Euler equation dc=dt, together with dk=dt and the initial condition k(0) = 0 all imply "stochastic continuity" at time t 0 : c(t 0 ) =
. Note that we literally have continuity if d is deterministic, c(t 0 ) = c 2 (t 0 jt 0 ; k(t 0 ); d). For the more general case where d is stochastic, there is continuity between marginal utility and expected marginal utility.
Appendix B: Welfare decomposition with Jensen' s inequality
Here we prove using Jensen's inequality that the timing premium is smaller than the value of full insurance.
Making use of the following equations
we note that
By Jensen's inequality,
which implies U N R > EU (t; d) and hence > 0 . In other words, the individual would always pay more to have his expected wealth with certainty than he would pay for retirement information, because simply knowing his wealth is not as good as insuring his wealth.
and the presence of the second margin only ampli…es his willingness to pay to avoid uncertainty.
Timing premium
Similar arguments can be made for the timing premium. With leisure in the period utility function, the timing premium 0 is the solution to the following equation
The leisure terms cancel out and we are left with the same timing premium 0 as when we ignore leisure.
This is an immediate implication of the assumption that leisure is …xed before and after retirement.
Early resolution of retirement uncertainty does not change leisure allocations over the life cycle, which means the individual isn't willing to pay any more for retirement information in this case than in the case without leisure.
Appendix D: Social Security
Because the individual faces uncertainty about becoming disabled, we must model Social Security in both states.
Without disability
Suppose the individual never becomes disabled but instead retires for other reasons (such as a health shock to a spouse or parent).
Let w(t) be the individual's average wage income corresponding to the last 35 years of earnings before retirement (which is virtually equivalent to the top 35 years of earnings given the wage pro…le that we are using), where t is the stochastic retirement age. If the individual draws a bad enough shock, some of these years will be zeros. If the individual draws a very good shock, then the average of his last 35 years can increase because wages are lowest at age 25 in our calibration.
Let b( w(t)) be the constant, ‡ow value of Social Security bene…ts if claimed at age 65. The individual receives this constant ‡ow until death. Bene…ts are a piecewise linear function of an individual's average wage, where the kinks (bend points) are multiples of the economy-wide average wage e. Social Security replaces 90% of w(t) up to the …rst bend point, 32% of w(t) between the …rst and second bend points, 15% of w(t) between the second and third bend points, and 0% of w(t) beyond the third bend point.
The nominal values of the bend points change each year, but Alonso-Ortiz (2014) and others assume the bend points are the following multiples of the average economy-wide wage: 0:2 e, 1:24 e, and 2:47 e.
To simplify, we assume the economy-wide average wage equals the average wage of an individual who draws a retirement shock at the average age ( 90% w(t) for w(t) 0:2 e 90% 0:2 e + 32% ( w(t) 0:2 e) for 0:2 e w(t) 1:24 e 90% 0:2 e + 32% (1:24 e 0:2 e) + 15% ( w(t) 1:24 e) for 1:24 e w(t) 2:47 e 90% 0:2 e + 32% (1:24 e 0:2 e) + 15% (2:47 e 1:24 e) for 2:47 e w(t):
Finally, SS(tjd) is the present discounted value (as of retirement date t) of Social Security bene…ts, conditional on disability status. Taking 
With disability
If the individual becomes disabled, we re-use notation and assume w(t) is his average wage income corresponding to the last 35 years of earnings, where t is the stochastic retirement age, and no zeros are included in the average if the individual draws a timing shock that leaves him with fewer than 35 years of work experience. Moreover, he begins collecting full bene…ts at the moment he retires (rather than waiting until age 65). Hence SS(tjd) = SS(tj1) = max SS(tj0); b( w(t)) Z 1 t e r(v t) dv :
The max operator is to recognize that a disability shock after t = 40=75 (age 65) can't lead to lower bene…ts than a system without disability. In other words, disability leads to higher total bene…ts if the shock is early and has no e¤ect on total bene…ts if the shock happens late.
Appendix E: First-best insurance against timing risk
Let's assume the individual participates in a …rst-best arrangement that perfectly insures against retirement timing uncertainty by providing a lump-sum payment F B(t) upon retirement at t. We continue to assume wages are taxed at rate .
Suppose there is no disability risk in the model. If so, then the present value (as of time zero) of total lifetime income, as a function of the retirement date t, is P V 0 (t) = The general solution to this di¤erential equation is
where C is a constant of integration. Evaluate at t = 0 and solve for C C = F B(0) To make a fair comparison with Social Security, we assume the simple policy is wealth-neutral relative to Social Security in an expectation sense 
